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$P_{\kappa}\lambda\emptyset$ stationary subset (2)
reflection
$\omega_{2}$ regular cardinal $\kappa$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa<\lambda$ singtar cardi-
$\mathrm{n}\mathrm{a}\mathrm{l}\lambda$ , $\mathcal{P}_{\kappa}\lambda$ stationary subset $<\kappa$-closed forcing
stationary reflection principle .
1
$\mathcal{P}_{\kappa}\lambda$ stationary reflection principle
.
1.1 $\kappa$ regular uncountable cardinal, $\lambda$ $\kappa$ ordinal
. stationary $T\subseteq \mathcal{P}_{\kappa}\lambda$ , $\mathrm{S}\mathrm{R}(T)$ stationary reflection
principle :
$\mathrm{S}\mathrm{R}(T)\equiv$ stationary $S\subseteq T$ , $W\subseteq\lambda$
:
(i) $|W|=\kappa\subseteq W$
(ii) $S\cap \mathcal{P}_{\kappa}W\}\mathrm{h}(\mathcal{P}_{\kappa}W\text{ }’)$ stationary.
stationary reflection principle supercompact cardinal
forcing $\kappa^{+}$ ,
. , ( $\lambda$ ) $\mathrm{S}\mathrm{R}(\mathcal{P}_{\omega_{1}}\lambda)$ $2^{\omega}\leq\omega_{2}$ ,
Chang’s conjecture , $\mathrm{N}\mathrm{S}_{\omega_{1}}$ presaturated .
$T\subseteq P_{\kappa}\lambda$ $\mathrm{S}\mathrm{R}(T)$
. , $<\kappa$-closed forcing $P_{\kappa}\lambda$
stationary subset ( .
L\’evy collapse, Col, 2 .) :
1.2 $\kappa$ regular uncountable cardinal , $\delta,$ $\lambda$ $\kappa<\delta\leq\lambda$ $\delta$
A-supercompact cardinal . $G$ $V$ Co1 $(\kappa, \delta)$-generic
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lter , $T\in V[G]$ $P_{\kappa}\lambda$ stationary subset , $V[G]$
:




$V[G]$ stationary $S\subseteq T$ 1.1 (i),(ii)
$W$ .
$V\text{ }U\text{ }P_{\delta}\lambda \text{ }$ normal measure, $M\text{ }\mathrm{U}\mathrm{l}\mathrm{t}(V, U)\text{ }$ transitive collapse,
$j:Varrow M$ ultrapower map . $H$ $V[G]$ Co1 $(\kappa, [\delta,j(\lambda)))-$
generic filter , $V[\mathrm{q}[H]$ , $j$ : $Varrow M$ $j^{*}$ : $V[G]arrow M[G][H]$
. $j^{*}$ $j$ . ordinal <\mbox{\boldmath $\kappa$}-
class absolute $\langle$ .
$j(S)$ $M[G][H]$ $\mathcal{P}_{n}j(\lambda)$ stationary subset $(\kappa<\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{t}(j)=$
$\delta),$ $j(S)\cap P_{\kappa}j$ “$\lambda$ $M[G][H]$ stationary .
$x\in P_{\kappa}\lambda$ $j(x)=j$ “$x$
$j(S)\cap P_{\kappa}j$ “$\lambda\supseteq\{j(x)|x\in S\}=\{j" x|x\in S\}$
. – $T$ $S$ $V[G][H]$ $P_{\kappa}\lambda$ stationary subset
, $\{j" x|x\in S\}$ $V[G][H]$ $P_{\kappa}j$ “$\lambda$ stationary subset
. $j(S)\cap P_{\kappa}j$ “$\lambda$ $V[G|[H|$ stationary , $M[G][H]\subseteq$
$V[G][H]$ $M[G][H]$ stationary .
$M[G][H]$ $|j‘(\lambda|=\kappa\subseteq j$ “ $\lambda$ .
$M[G][H]$ $|W|=\kappa\subseteq W$ $j(S)\cap P_{\kappa}W$ stationary $W\subseteq j(\lambda)$
. , $j$ elementarity , $V[G]$ $|W|=\kappa\subseteq W$
$S\cap \mathcal{P}_{\kappa}W$ $W\subseteq\lambda$ .
, $\lambda$ stationary subset $<\omega_{1^{-}}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{d}$ forcing
:
$\bullet$
$\lambda$-supercompact cardinal L\’evy collapse $\omega_{2}$ , $\mathrm{S}\mathrm{R}(P_{\omega_{1}}\lambda)$
.
$\kappa\geq\omega_{2}$ . , $\lambda\geq\kappa^{+}$ $\mathrm{S}\mathrm{R}(P_{\kappa}\lambda)$
Shelah-Shioya [8] . , $\lambda^{<\kappa}=\lambda$
$P_{\kappa}\lambda$ stationary subsets $<\kappa$-closed forcing
, $\mathrm{S}\mathrm{R}$ .
:
$\lambda^{<\kappa}=\lambda$ , $P_{\kappa}\lambda$ <\mbox{\boldmath $\kappa$}- $\lambda$ , $P_{\kappa}\lambda$
internally approachability . $T_{\kappa\lambda}$
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internally approachable $P_{\kappa}\lambda$ , stationary
$S\subseteq T_{\kappa\lambda}$ $<\kappa$-closed forcing stationary .
:
$\bullet$ $\kappa$ regular uncountable cardinal , $\delta,$ $\lambda$ $\kappa<\delta\leq\lambda$ $\delta$
$\lambda$-supercompact cardinal, $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)\geq\kappa$ cardinal .
$G$ Co1 $(\kappa, \delta)$-generic filter , $V[G|$ $\mathrm{S}\mathrm{R}(T_{\kappa\lambda})$
. ( $V[G]$ $\lambda^{<\kappa}=\lambda$ .)
, internally approachability forcing stationary
set , stationary reflection , Foreman-Magidor-
Shelah [4], Foreman-Magidor [3], HNichino-Piper [5], Shioya [9]
. , 3 5 .
, $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ singular cardinal $\lambda^{<\kappa}>\lambda$
$P_{\kappa}\lambda$ <\mbox{\boldmath $\kappa$}- $\lambda$ , internally approachability
. , $\kappa$ $\omega_{2}$ regular cardinal $\lambda$
$\mathrm{c}\mathrm{f}(\lambda)<\kappa<\lambda$ singular cardinal , $P_{\kappa}\lambda$ stationary
subsets $<\kappa$-closed forcing stationary reflection
principle .
$P_{\kappa}\lambda$ 3 . , internally
approachability :
1.3 $x$ limit ordinal $\zeta$ ,
$x$ $\zeta$ internally approachable $(\mathrm{i}.\mathrm{a}.)$ .
$\mathrm{g}^{\mathrm{f}}$
$\zeta$ $\langle x_{\xi}|\xi<\zeta\rangle$ , $\bigcup_{\xi<\zeta}x_{\xi}=x$ $\eta<\zeta$
$(x_{\xi}|\xi<\eta)\in x$ .
$\omega_{2}$ regular uncountable cardinal $\kappa$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa<\lambda$ singular
cardinal $\lambda$ $P_{\kappa}\lambda$ $T_{\kappa\lambda}^{0},$ $T_{\kappa\lambda}^{1},$ $T_{\kappa\lambda}^{2}$ 3 .




(i) $\kappa,$ $\lambda\in M\prec\langle \mathcal{H}_{\theta}, \in, \Delta\rangle$ $M\cap\kappa\in\kappa$




$M\in P_{\text{ }}\mathcal{H}_{\theta}$ :
(i) $\kappa,$ $\lambda\in M\prec\langle \mathcal{H}_{\theta}, \in, \Delta\rangle$ $M\cap\kappa\in\kappa$
(ii) $\mathrm{c}\mathrm{f}(\zeta)\neq \mathrm{c}\mathrm{f}(\lambda)$ $\zeta<\kappa$ $M$ $\zeta$ $\mathrm{i}.\mathrm{a}$.
$T_{\kappa\lambda}^{1}:=\{M\cap\lambda|M\in\overline{T}_{\kappa\lambda}^{1}\}$
84
$\bullet T_{\kappa\lambda}^{2}:=P_{\kappa}\lambda\backslash (T_{\kappa\lambda}^{0}\cup T_{\kappa\lambda}^{1})$
$T_{\kappa\lambda}^{0},$ $T_{\kappa\lambda}^{1},$ $T_{\kappa\lambda}^{2}$ $P_{\kappa}\lambda$ stationary $P_{\kappa}\lambda=T_{\kappa\lambda}^{0}\cup T_{\kappa\lambda}^{1}\cup T_{\kappa\lambda}^{2}$




(i) $\kappa,$ $\lambda\in M\prec.\langle \mathcal{H}_{\theta}, \in, \Delta\rangle$
(ii) $M$ $\mathrm{c}\mathrm{f}(\lambda)$ $\mathrm{i}.\mathrm{a}$.
$T_{\kappa\lambda}^{0n}:.=\{M\cap\lambda|M\in\overline{T}_{\kappa\lambda}^{0}\}$
5 , $E_{\mathrm{c}\mathrm{f}(\lambda)}^{n}\in I[\kappa]$ $2_{\kappa\lambda}*$ $=T_{\kappa\lambda}^{0}$ , $\mathrm{c}\mathrm{f}(\lambda)=\omega$
7 $=T_{\kappa\lambda}^{0}$ . ( $E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa},$ $I[\kappa]$ 2 . )
. $\text{ _{}\kappa\lambda}^{0}$ ( 5 ) :
1.4 (1) $\kappa$ $\omega_{2}$ regular uncountable cardinal, $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<$
$\kappa<\lambda$ singular cardinal , $\gamma<\cdot\lambda$ $\gamma^{<\kappa}\leq\lambda$
. , stationary $S\subseteq \mathcal{T}_{\kappa\lambda}^{\mathrm{r}}$,
$<\kappa$-closed forcing notion $\mathrm{P}$ , $\mathrm{I}\vdash_{\mathrm{P}}$ “$S$ stationary”.
(2) $\omega_{2}\leq\kappa<\delta<\lambda$ , $\kappa$ regular uncountable cardinal, $\delta$ $\lambda-$
supercompact cardinal, $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa$ singular cardinal .
$G$ $V$ Co1 $(\kappa, \delta)$-generic filter $V[G]$ SR(T )
.
$V$
$E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa}\in I[\kappa]$ , $V[G]$ $\mathrm{S}\mathrm{R}(T_{\kappa\lambda}^{0})$
.
$T_{\kappa\lambda}^{1}$ ( 4 ) :
1.5 $\kappa$ $\omega_{2}$ regular uncountable cardinal, $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa<\lambda$
singular cardinal , $2^{\lambda}=\lambda^{+}$ .
(1) stationary $T\subseteq T_{\kappa\lambda}^{1}\mathfrak{l}_{\vee}^{\vee}$ , stationary $S\subseteq T$
$|\vdash_{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$
“$S$ $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\dot{\mathfrak{r}}$ionary “ .
(2) stationary $T\subseteq T_{\kappa\lambda}^{1}\}^{\vee}$. * $\mathrm{S}\mathrm{R}(T_{\kappa\lambda}^{1})$ .
, $T_{\kappa\lambda}^{2}$ reflection , sta-
tionary subset ( 3 ) :
1.6 $\kappa$ $\omega_{2}$ regular uncoutable cardinal $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<$






regular cardinal $\mu<\kappa\#’$. $\text{ }$ , $E_{\mu}^{\kappa}:=\{\zeta\in\kappa|\mathrm{c}\mathrm{f}(\zeta)=\mu\}$ . $E_{\mu}^{\kappa}$
$\kappa$ stationary subset .
$\mathcal{M}$ definable universe well-ordering sturcture .
, $x\subseteq \mathcal{M}$ , $\mathrm{S}\mathrm{k}\mathrm{u}\mathrm{l}1^{\lambda 4}(x)$ $x$ $\mathcal{M}$ Skolem hull,
$x$ subset $\mathcal{M}$ elementary submodel
.
L\’evy collapse regular cardinal $\kappa$ ordinal
$A$ , Co1$(\kappa, A)$ $\kappa$ $A$
forcing notion partial function $p:\kappa\cross Aarrow \mathrm{O}\mathrm{n}$ $|p|<\kappa$
$\langle\xi,\alpha\rangle\in\kappa \mathrm{x}A$ $p(\xi,\alpha)\in\alpha$
. Co1$(\kappa,A)$ $<$ -closed
$\langle$ .
PCF . PCF Shelah
[7], Burke-Magidor [2], Abraham [1] .
$\Gamma$ regular cardinal . $J_{\mathrm{b}\mathrm{d}}[\Gamma]$ $\Gamma$ bounded
subset $\Gamma$ . $J$ $\Gamma$
. $f,$ $g\in\Pi\Gamma$ ,
$\bullet f<_{jg}\mathrm{g}^{\mathrm{f}}\Gamma\backslash \{\gamma\in\Gamma|f(\gamma)<g(\gamma)\}\in J$
$\bullet f\leq_{Jg}\mathrm{g}^{\mathrm{f}}\Gamma\backslash \{\gamma\in\Gamma|f(\gamma)\leq g(\gamma)\}\in J$
. regular cardinal $\delta$ ,
$\mathrm{t}\mathrm{c}\mathrm{f}(\Pi\Gamma/J)=\delta$ IIF $<_{J}$ increasing cofinal $\delta$
.
:
2.1 (Shelah [7]) $\lambda$ singular cardinal regular car-
dinal $\Gamma$ , $\sup\Gamma=\lambda,$ $0.\mathrm{t}.\Gamma=\mathrm{c}\mathrm{f}(\lambda)$ $\mathrm{t}\mathrm{c}\mathrm{f}(\Pi\Gamma/J_{\mathrm{b}\mathrm{d}}[\Gamma])=\lambda^{+}$
.
Shelah $\kappa$ $I[\kappa]$
. $\kappa$ regular uncountable cardinal . $\kappa$ bounded subset
$\langle c_{\xi}|\xi<\kappa\rangle$ , limit ordinal $\zeta\in\kappa$ ,
$\zeta$ $\langle c_{\xi}|\xi<\kappa\rangle$ approachable




$\kappa$ bounded subset $\langle c_{\xi}|\xi<\kappa\rangle$ club $C\subseteq\kappa$ ,
$\zeta\in B\cap C$ $\langle c_{\xi}|\xi<\kappa\rangle$ approachable
.
$I[\kappa]$ $\kappa$ normal ideal ( proper ) . (Shelar [7]
. )
3 stationary set
$P_{\kappa}\lambda$ stationary set $<$ -closed forcing
. 16 .
, $<\kappa-$-closed forcing ground model <\mbox{\boldmath $\kappa$}\rightarrow
, $\mathcal{P}_{\kappa}\lambda$ ground model generic extension absolute
.
:
3.1 $\kappa,$ $\theta$ $\kappa\leq\theta$ regular uncountable cardinal , $T$ $\mathcal{P}_{\kappa}\mathcal{H}_{\theta}$
internally approachable .
(1) stationary $S\subseteq T$ $<\kappa$-closed forcing $\mathrm{P}$ ,
$1\vdash_{\mathrm{P}}$
“$S[]\mathrm{h}$ stationary”.
(2) $G$ $V$ Co1 $(\kappa, \{|\mathcal{H}_{\theta}|\})$ -generic filter , $V[G]$ $T$
$P_{\kappa}\mathcal{H}_{\theta^{V}}$ club .
$H:=\mathcal{H}_{\theta^{V}}$ .
(1) $S$ $T$ stationary subset $\mathrm{P}$ $<\kappa$-closed forcing notion
. $p\in \mathrm{P}$ $P_{\kappa}H$ club $\mathrm{P}$-name $\dot{C}$ . $q\leq p$ $x\in S$
$q\mathrm{I}\vdash_{\mathrm{p}}$
“$x\in\dot{C}$ “ . $V$ .
$\mu$ regular cardinal , $\Delta_{\mu}$ $\mathcal{H}_{\mu}$ well-ordering
. $S$ $\mathcal{P}_{\kappa}H$ stationary , $M\in P_{\kappa}\mathcal{H}_{\mu}$ $M\cap H\in S,$ $M\cap\kappa\in\kappa$
$\kappa,$
$\lambda,\mathrm{P},p,\dot{C}\in M\prec\langle \mathcal{H}_{\mu}, \in, \Delta_{\mu}\rangle$ . $q\leq p$ $q\mathrm{I}\vdash_{\mathrm{p}}$
“$M\cap H\in\dot{C}$ “ . ($x_{\xi}|\xi<\zeta\rangle(\zeta<\kappa)$ $M\cap H$
internally approachability witness .
$\xi<\zeta$ , $p$ $\langle p_{\xi}|\xi<\zeta)$ $P_{\kappa}H$
$\langle y_{\xi}|\xi<\zeta\rangle$ . $\xi<\zeta$ $\langle p_{\eta}|\eta<\xi)$ $\langle y_{\eta}|\eta<\xi\rangle$
. $\langle p_{\xi}, y_{\xi}\rangle$ $\Delta_{\mu}$
:
(i) $\eta<\xi$ $p_{\xi}\leq p_{\eta}$ . ($\xi=0$ $p_{0}\leq p.$ )
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(ii) $y_{\xi} \supseteq x_{\xi}\cup\bigcup_{\eta<\xi}y_{\eta}$ .
(iii) $p\downarrow\vdash_{\mathrm{P}}(‘ y_{\xi}\in\dot{C}$ “.
$\mathrm{P}$ $<\kappa$-closed , $\{P\xi|\xi<\zeta\}$ lower bound $q\in \mathrm{P}$
. $q\leq P$ $q^{1\vdash_{\mathrm{P}}}$ “ $\bigcup_{\xi<\zeta}y_{\xi}\in\dot{C}$ “ . $M \cap H=\bigcup_{\xi<\zeta}y_{\xi}$
.
$\xi<\zeta$ $y_{\xi}\supseteq x_{\xi}$ $M \cap H=\bigcup_{\xi<\zeta}x_{\xi}\subseteq\bigcup_{\xi<\zeta}y_{\xi}$ .
, $y_{\xi}$ $\mathcal{H}_{\mu}$ $\mathrm{P},p,\dot{C},$ ($x_{\eta}|\eta<\xi\rangle$ $\langle \mathcal{H}_{\mu}, \in, \Delta_{\mu}\rangle$
, M M\prec $\langle$H\mu ’\in , \Delta \mu $\rangle$
$y_{\xi}\in M$ . $M\cap\kappa\in\kappa$ $M\prec(\mathcal{H}_{\mu},$ $\in\rangle$
$y_{\xi}\subseteq M$ . $\bigcup_{\xi<\zeta}y_{\xi}\subseteq M\cap H$ .
, $M \cap H=\bigcup_{\xi<\zeta}y_{\xi}$ .
(2) $V[G]$ . $\cup G$ $\kappa$ $H$
. $\xi<\kappa$ $\langle\cup G"\eta|\eta<\xi\rangle\in H$
.
$C:=$ $x\in \mathcal{P}_{\kappa}H$ :
(i) $x\cap\kappa$ $\kappa$ limit ordinal $x=\cup G$ “ $(x\cap\kappa)$ .
(ii) $\xi<x\cap\kappa$ $\langle$ $\cup G$ “$\eta|\eta<\xi$ ) $\in x$ .
$C$ $P_{\kappa}H$ club . , $x\in C$ $\langle$ $\cup G$ “$\xi|\xi<$
$x\cap\kappa\rangle$ $x$ i.a witness . $\mathrm{i}.\mathrm{a}$. absolute
, $C\subseteq T$ .
:
3.2 $\kappa$ regular uncountable cardinal $\lambda$ $\kappa$ ordinal
. $S\subseteq \mathcal{P}_{\kappa}\lambda$ :
(1) $<\kappa$-closed forcing notion $|\vdash_{\mathrm{P}}$ “$S$ nonstationary ”
.
( $2\rangle 1\vdash_{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$ “$S$ } $\mathrm{h}$ nonstationary”.
$S\subseteq P_{\kappa}\lambda$ . (1) (2) .
(1) ordinal $\mu$ . $V^{\mathrm{C}\mathrm{o}1(\kappa,\{\mu\})}$
$V$ P-generic filter , $|\vdash_{\mathrm{C}\mathrm{o}1(\kappa,\{\mu\})}$ “$S$ nonstationary”
.
Co1$(\kappa, \{\mu\})\cong \mathrm{C}\mathrm{o}1(\kappa, \{\lambda\})\mathrm{x}\mathrm{C}\mathrm{o}1(\kappa, \{\mu\})$ , $V^{\mathrm{C}\mathrm{o}1(\kappa,\{\mu\})}$
$V^{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$
$<$ $\kappa$-closed forcing extension .
$V^{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$
$|\lambda|=\kappa$ , $P_{\kappa}\lambda$ stationary subset $<\kappa-$-closed
forcing $S$ $V^{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$ stationary , $S$
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$V^{\mathrm{C}\mathrm{o}1(\kappa,\{\mu\})}$ stationary $S$ $V^{\mathrm{C}\mathrm{o}1(\kappa,\{\mu\})}$ nonstationary
, $V^{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$ nonstationary
3.1 3.2 . 16 .
*3.3 $\kappa \text{ }$ regular uncountable cardinal, $\lambda\geq\kappa \text{ }$ ordinal, $\theta\geq\lambda \text{ }$
regular cardinal $S\subseteq P_{\kappa}\lambda$ :
(1) $<\kappa$-closed forcing notion $\mathrm{P}$ $\mathrm{I}\vdash_{\mathrm{P}}$ “$S$ stationary”.
(2) $1\vdash_{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$ “$S[]\mathrm{h}$ stationary”.
(3) $\{M\in P_{\kappa}\mathcal{H}_{\theta}|M\cap\lambda\in S\wedge M\}\mathrm{h}\mathrm{i}.\mathrm{a}.\}\#\mathrm{h}\mathcal{P}_{\kappa}\mathcal{H}_{\theta}$ -C stationary.
(1) (2) 32 . (1) (3)
. $S\subseteq P_{\kappa}\lambda$ , $\overline{S}:=$ { $M\in \mathcal{H}_{\kappa}\mathcal{H}_{\theta}|M\cap\lambda\in S\wedge M$ $\mathrm{i}.\mathrm{a}.$ }
.
(3) (1) . $\overline{S}$ stationary . $\mathrm{P}$ $<\kappa$-closed
forcing notion $G$ $\mathrm{P}$-generic filter , 3.1 (1) $V[G]$
$\overline{S}$ stationary. $S\supseteq\{M\cap\lambda|M\in\overline{S}\}$ , $S$ $V[G]$ $P_{\kappa}\lambda$
stationary .
(1) (3) nonstationary .
$V$ $\overline{T}$ $P_{\kappa}\mathcal{H}_{\theta}$ internally approachable , $G$
Co1$(\kappa, \{|\mathcal{H}_{\theta}|\})$-generic filter , 3.1 (2) , $V[G]$ $\overline{T}\backslash \overline{S}$
club . $V[G]$ $C:=\{M\cap\lambda|M\in\overline{T}\backslash \overline{S}\}$ $P_{\kappa}\lambda$




4.1 $\kappa$ $\omega_{2}$ regular cardinal , $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa<\lambda$
$\mathrm{s}\mathrm{i}_{1}1\mathrm{a}\mathrm{r}$ cardinal , regular cardinal $\Gamma$ $\Gamma$
$\mathrm{c}\mathrm{f}(\lambda)$ -complete $J$ , $\sup\Gamma=\lambda,$ $0.\mathrm{t}.\Gamma=\mathrm{c}\mathrm{f}(\lambda)$ $\mathrm{t}\mathrm{c}\mathrm{f}(\Gamma/J)=2^{\lambda}$
. .
(1) stationary $T\subseteq T_{\kappa\lambda}^{1}$ \breve \acute \llcorner , stationary $S\subseteq T$
$\mathrm{I}\vdash_{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$
“$S$ nonstationary ” .
(2) stationary $T\subseteq T_{\kappa\lambda}^{1}[]^{\vee}$. , $\mathrm{S}\mathrm{R}(T)$ .
89
$2^{\lambda}=\lambda^{+}$ , 21 $\Gamma$ $J$ ,
15 .
41 . $\kappa$ $\omega_{2}$ regular cardinal,
$\lambda$ $\mathrm{c}\mathrm{f}(\lambda)<\kappa<\lambda$ singular cardinal , 4.1
. $2^{\lambda}$ regular cardinal .
$\theta=(2^{\lambda})^{+}$ , $\Delta$ $T_{\kappa\lambda}^{1}$ $\mathcal{H}_{\theta}$ well-ordering .
, $\Gamma$ $J$ 4.1 , $\min\Gamma>\kappa$ $\Delta$
. $\langle f_{\alpha}|\alpha<2^{\lambda}\rangle$ $\Pi\Gamma$ $<_{J}$ incereasing
cofinal $\Delta$ .
PCF . $|x|\leq\kappa$ $x\subseteq\lambda$
$\mathrm{c}\mathrm{h}_{x}\in\Pi\Gamma$ , $\gamma\in\Gamma$ $\mathrm{c}\mathrm{h}_{x}(\gamma)=\sup(x\cap\gamma)$ .
$\beta_{x}<2^{\lambda}$ $\mathrm{c}\mathrm{h}_{x}\leq_{J}f\rho$ $\beta$ .
4.2 (Shelah [7]) $\zeta<\kappa$ $\mathrm{c}\mathrm{f}(\lambda)\neq \mathrm{c}\mathrm{f}(\zeta)$ limit ordinal ,
$\langle x_{\xi}|\xi<\zeta\rangle$ $\subseteq$-increasing $P_{\kappa}\lambda$ $x:= \bigcup_{\xi<\zeta}x_{\xi}$
, $\beta_{x}=\sup_{\xi<\zeta}\beta_{x_{\xi}}$ .
$\beta_{x}\geq\sup_{\xi<\zeta}\beta_{x_{\xi}}$ . $\beta_{x}\leq\sup_{\xi<\zeta}\beta_{x_{\xi}}$ . $\beta^{*}:=\sup_{\xi<\zeta}\beta_{x_{\xi}}$
, $\mathrm{c}\mathrm{h}_{x}\leq_{J}f\rho$. . 2 .
Case 1. $\mathrm{c}\mathrm{f}(\lambda)<\mathrm{c}\mathrm{f}(\zeta)$ .
, $\mathrm{c}\mathrm{h}_{x}\leq_{J}f\rho*$ $D:= \{\gamma\in\Gamma|\sup(x\cap\gamma)>$
$f\rho\cdot(\gamma)\}\not\in J$ . $\gamma\in D$ $\sup(x\cap\gamma)=\sup_{\xi<\zeta}(\sup(x_{\xi}\cap\gamma))$
, $\xi_{\gamma}<\zeta$ $\sup(x_{\xi_{\gamma}}\cap\gamma)>f_{\beta}\cdot(\gamma)$ .
$|D|\leq|\Gamma|=\mathrm{c}\mathrm{f}(\lambda)<\mathrm{c}\mathrm{f}(\zeta)$ p $\eta:=\sup_{\gamma\in D}\xi_{\gamma}<\zeta$. .
$\gamma\in D$ $\sup(x_{\eta}\cap\gamma)>f_{\beta}\cdot(\gamma)$ , $\mathrm{c}\mathrm{h}_{x_{\eta}}\not\leq_{J}f_{\beta}$. . ,
$\beta^{*}=\sup_{\xi<\zeta}$ Pc $\geq\beta_{\eta}$ .
Case 2. $\mathrm{c}\mathrm{f}(\lambda)>\mathrm{c}\mathrm{f}(\zeta)$ .
$B\subseteq\zeta$ $\zeta$ cofinal $0.\mathrm{t}.B=\mathrm{c}\mathrm{f}(\zeta)$ $\xi<B$
$D_{\xi}:= \{\gamma\in\Gamma|\sup(x_{\xi}\cap\gamma)\leq f_{\beta}\cdot(\gamma)\}$ . $\Gamma\backslash D_{\xi}\in J$ .
, $D^{*}:= \bigcap_{\xi\in B}D_{\xi}$ $\mathrm{c}\mathrm{f}(\lambda)$-completeness $\Gamma\backslash D^{*}\in J$ .
, $\gamma\in D^{*}$ $\sup(x\cap\gamma)=\sup_{\xi\in B}(\sup(x_{\xi}\cap\gamma))\leq f_{\beta}*(\gamma)$
. , $\mathrm{c}\mathrm{h}_{x}\leq_{J}f\rho\cdot$ .
4.3 (Shelah [7]) $M\in\overline{T}_{\kappa\lambda}^{1}$ , $\beta_{M\cap\lambda}=\sup(M\cap 2^{\lambda})$ .
$\beta_{M\cap\lambda}\geq\sup(M\cap 2^{\lambda})$ . $\Gamma,$ $J,$ $(f_{\alpha}|\alpha<2^{\lambda}\rangle\in M\prec(\mathcal{H}_{\theta},$ $\in\rangle$
. $|\Gamma|\in M\cap\kappa\in\kappa$ , $\Gamma\subseteq M$
.
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$\beta\in M\cap 2^{\lambda}$ . $f_{\beta}\in M$ , $\Gamma\subseteq M$
$f_{\beta}$
“$\Gamma\subseteq M$ . $f_{\beta}\leq_{J}\mathrm{c}\mathrm{h}_{M\cap\lambda}$ , $\beta\leq\beta_{M\mathrm{n}\lambda}$ . $\beta$
$M\cap 2^{\lambda}$ , $\beta_{M\cap\lambda}\geq\sup(M\cap 2^{\lambda})$ .
$\beta_{M\cap\lambda}\leq\sup(M\cap 2^{\lambda})$ . $\langle M_{\xi}|\xi<\zeta\rangle(\zeta<\kappa, \mathrm{c}\mathrm{f}(\zeta)\neq \mathrm{c}\mathrm{f}(\lambda))$
$M$ internally approachability witness .
$M_{\xi}$ $\bigcup_{\eta\leq\xi}M_{\eta}$ , $\langle M_{\xi}|\xi<\zeta\rangle$ $\subseteq$-increasing
. $\xi<\zeta$ $\beta_{\xi}:=\beta_{M_{\xi}\cap\lambda}$ .
$\xi<\zeta$ $M_{\xi}\in M$ , elementarity $\beta_{\xi}\in M\cap 2^{\lambda}$
. $\sup_{\xi<\zeta}\beta_{\xi}\leq\sup(M\cap 2^{\lambda})$ . - $\bigcup_{\xi<\zeta}M_{\xi}\cap\lambda=M\cap\lambda$
, 42 $\beta_{M\cap\lambda}=\sup_{\xi<\zeta}\beta_{\xi}$. $\beta_{M\cap\lambda}\leq\sup(M\cap 2^{\lambda})$ .
, 4.1 stationary $T\subseteq T_{\kappa\lambda}^{1}$
. , stationary $S\subseteq T$ , $S$
$<$ -closed forcing nonstationary , $S$ reflect
.
$\langle H_{a}|\alpha\in 2^{\lambda}\rangle$ $<\omega_{\lambda}$ $\mathcal{P}_{\kappa}\lambda$ enumeration , $T$
$\langle x_{\alpha}|\alpha<2^{\lambda}\rangle$ $\alpha$ :
$\alpha<2^{\lambda}$ , $\langle$$x_{\alpha}’|\alpha<\alpha$ . $x_{\alpha}\in T$
:
(i) x H . , $a\in<w_{X}$
$H_{\alpha}(a)\subseteq x_{\alpha}$ .
(\"u) $\beta_{x_{\alpha}}\geq\sup_{\alpha’<\alpha}\beta_{x_{\alpha}},$ .
$\{x\in T|\beta_{x}\geq\sup_{\alpha’<\alpha}\beta_{x_{\alpha’}}\}$ stationary , x
.
$S:=\{x_{\alpha}|\alpha<2^{\lambda}\}$
. , $H$ $:<"’\lambdaarrow P_{\kappa}\lambda$ , $H$
$x\in S$ $S$ stationary . $S$ $< \kappa\frac{-}{}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{d}$ forcing
nonstationary , $S$ leflect ,
:
ffiH 4.4 (1) $\{\beta_{x}|x\in S\}|\mathrm{h}2^{\lambda}\text{ }$’ nonstationary.
(2) $\zeta<\kappa$ $\mathrm{c}\mathrm{f}(\lambda)\neq \mathrm{c}\mathrm{f}(\zeta)$ limit ordinal , $\langle y_{\xi}|\xi<\zeta\rangle$ $S$
$\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{y}\subseteq$-increaeing $\bigcup_{\xi<\zeta}y_{\xi}\not\in S$.
(1) $\langle x_{\alpha}|\alpha<2^{\lambda}\rangle$ . (2) .
$\xi<\zeta$ , $\alpha_{\xi}<2^{\lambda}$ $x_{\alpha}‘=y_{\xi}$ $\beta_{\xi}:=\beta_{x_{\text{ }}}\epsilon=\beta_{\nu\epsilon}$
. $y:= \bigcup_{\xi<\zeta}y_{\xi}$ 4.2 $= \sup_{\xi<\zeta}\beta_{\xi}$ . $\alpha<$
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$\sup_{\xi<\zeta}\alpha_{\xi}$ $\beta_{x_{\text{ }}}<\sup_{\xi<\zeta}\beta_{\xi}$ $x_{\alpha}\neq y$ . $\alpha\geq\sup_{\xi<\zeta}\alpha_{\xi}$
$\beta_{x_{\alpha}}>\sup_{\xi<\zeta}\beta_{\xi}$ $x_{\alpha}\neq y$. $y\not\in S$
$S$ Co1$(\kappa, \{\lambda\})$ nonstationary :
Wrk 4.5 $\mathrm{I}\vdash_{\mathrm{C}\mathrm{o}1(\kappa,\{\lambda\})}$ “ $S\#\mathrm{h}$ nonstationary”.
3.3 , $\overline{S}:=$ { $M\in \mathcal{P}_{\kappa}\mathcal{H}_{\theta}|M\cap\lambda\in S\wedge M$ $\mathrm{i}.\mathrm{a}.$ } nonsta-
tionary .
$\overline{S}\backslash$




. 4.4 $\{\sup(M\cap 2^{\lambda})|M\in\overline{S}\cap\overline{T}_{\kappa\lambda}^{1}\}$ $2^{\lambda}$
nonstationary , $\overline{S}\cap\overline{T}_{\kappa\lambda}^{1}$ nonstationary .
$\overline{S}$ nonstationary .
$S$ reflect :
4.6 $W\subseteq\lambda$ $|W|=\kappa\subseteq W$ . $S\cap \mathcal{P}_{\kappa}W$
nonstationary.
$\gamma\in\Gamma$ $\sup(W\cap\gamma)\not\in W$ .
$S\cap P_{\kappa}W$ nonstationary .
, $\gamma\in W$ $\mathrm{c}\mathrm{f}(\sup(W\cap\gamma))<\kappa$ .
{x\in &W $|\mathrm{c}\mathrm{h}_{x}=\mathrm{c}\mathrm{h}w$ } $P_{\kappa}W$ club , $\mathrm{c}\mathrm{h}_{x}=\mathrm{c}\mathrm{h}_{W}$
$x\in S$ $S$ 1 $’\supset$ . $S\cap \mathcal{P}_{\kappa}W$
nonstationary .
$\gamma\in\Gamma$ $\mathrm{c}\mathrm{f}(\sup(W\cap\gamma))=\kappa$ .
$|W|=\kappa$ , $P_{\kappa}W$ $\subseteq$-increasing continuous cofinal $(z_{\xi}|\xi<\kappa\rangle$
$\langle$$\sup(z_{\xi}\cap\gamma)|\xi<\kappa)$ strictly increasing . $B:=\{\xi<$
$\kappa|z_{\xi}\in S\}$ .
$\zeta<\kappa$ limit ordinal $\sup(B\cap\zeta)=\zeta$ $z_{\zeta}\not\in S$
. ( $S\cap P_{\kappa}W$ nonstationary .)
$\mathrm{c}\mathrm{f}(\zeta)=\mathrm{c}\mathrm{f}(\lambda)$ $\mathrm{c}\mathrm{f}(\sup(z_{\zeta}\cap\gamma))=\mathrm{c}\mathrm{f}(\lambda)$ $Z_{(}\not\in T_{\kappa\lambda}^{1}$ . $z_{\zeta}\not\in S$





1.4 . $\kappa$ $\omega_{2}$ regular




5.1 $E_{\mathrm{c}}^{\kappa_{\mathrm{f}(\lambda)}}\in I[\kappa]$ $T_{\kappa\lambda}^{0*}=T_{\kappa\lambda}^{0}$
$-0*$ $-0$
$\underline{\ovalbox{\tt\small REJECT}-\text{ }}E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa}\in I[\kappa]$ $T_{\kappa\lambda}=T_{\kappa\lambda}$ . $\overline{T}_{\kappa\lambda}^{0*}\supseteq\overline{T}_{\kappa\lambda}^{0}$ .
$\kappa$ bounded subset $\langle C_{\xi}|\xi<\kappa\rangle$ club $C\subseteq\kappa$ , $\zeta\in$
$E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa}\cap C$ $\langle c_{\xi}|\xi<\kappa\rangle$
$\llcorner$ approachable $\Delta$
.
$M\in\overline{T_{\kappa\lambda}}$ . $M$ $\mathrm{c}\mathrm{f}(\lambda)$ internally approachable
. $\langle$ $M_{\xi}|\xi<\zeta)(\zeta<\kappa, \mathrm{c}\mathrm{f}(\zeta)=\mathrm{c}\mathrm{f}(\lambda))$ $M$
internally approachability witness . $M_{\xi}$
$\bigcup_{\xi’\leq\xi}M_{\xi’}$ , ($M_{\xi}|\xi<\zeta\rangle$ $\subseteq$-increasing .
$\xi<\zeta$ $\eta_{\xi}:=\sup(M_{\xi}\cap\kappa)$ $\eta_{\xi}<M\cap\kappa$ , $(\eta_{\xi}|\xi<\zeta\rangle$
$M\cap\kappa$ cofinal .
$C\in M$ $M\in\overline{T}_{\kappa\lambda}^{0}$ $M\cap\kappa\in C\cap E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa}$
6. $c\subseteq M\cap\kappa \text{ }$ cofinal $C,$ $0.\mathrm{t}.c=\mathrm{c}\mathrm{f}(\lambda)i^{1}.\supset\{c\cap\eta|\eta<M\cap\kappa\}\subseteq\{c_{\xi}|$
$\xi<M\cap\kappa\}$ . $\langle c_{\xi}|\xi<\kappa\rangle\in M$ $\{c_{\xi}|\xi<M\cap\kappa\}\subseteq M$
, $\eta<M\cap\kappa$ $c\cap\eta\in M$ .
$\nu<\mathrm{c}\mathrm{f}(\lambda)$ $\xi_{\nu}<\zeta$
$\eta_{\xi}$ $c$ $\nu$
$\xi$ . $\langle\xi_{\nu}|\nu<\mathrm{c}\mathrm{f}(\lambda)\rangle$ $\zeta$ cohal ,
initial segment $M$ $\bigcup_{\nu<\mathrm{c}\mathrm{f}(\lambda)}M_{\xi_{\nu}}=M$ ,
$\langle M_{\xi_{\nu}}|\nu<\mathrm{c}\mathrm{f}(\lambda)\rangle$ initial segment $M$ $M$
$\mathrm{c}\mathrm{f}(\lambda)$ internally approachable , $M\in T_{\kappa\lambda}$ .$-0*$
14 :
1.4 (1) , $x\in T_{\kappa\lambda}^{0*}$ internally
approachable .
, $\langle\gamma_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda)\rangle$ $\lambda$ cofinal, increasing $\gamma 0\geq\kappa$
$\Delta$ ,
$\Omega$ $:=$ $\cup$ $\xi(P_{\kappa}\gamma_{\xi})$
$\xi<\mathrm{c}\mathrm{f}(\lambda)$
. $|\Omega|=\lambda$ . $\varphi$ : $\lambdaarrow\Omega$
$\Delta$ .
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Claim $x\in$ $T_{\kappa\lambda}^{0*}$ $\varphi$ $\mathrm{c}\mathrm{f}(\lambda)$ internally approachable,
( $x_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda)\rangle$ $\bigcup_{\xi<\mathrm{c}\mathrm{f}(\lambda)^{X_{\xi}}}=x$ $\zeta<\mathrm{c}\mathrm{f}(\lambda)$
$\varphi^{-1}(\langle x_{\xi}|\xi<\zeta\rangle)\in x$ .
Claim $x\in T_{\kappa\lambda}^{0*}$ . $M\in\overline{T}_{\kappa\lambda}^{0*}$ $M\cap\lambda=x$
( $M_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda)\rangle$ $M$ internally approachability witness
. $M_{\xi}$ $\bigcup_{\xi’\leq\xi}M_{\xi’}$ , $\langle$ $M_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda))$
$\subseteq$-increasing .
$\xi<\mathrm{c}\mathrm{f}(\lambda)$ $x_{\xi}:=MM_{\xi}$ $\gamma_{\xi}$ .
$\bigcup_{\xi<\mathrm{c}\mathrm{f}(\lambda)}x_{\xi}=x$ . $\langle\gamma_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda)\rangle\in M$ ,
$\zeta<\mathrm{c}\mathrm{f}(\lambda)$ $\langle x_{\xi}|\xi<\zeta\rangle\in M$ . $\varphi\in M$
, $\zeta<\mathrm{c}\mathrm{f}(\lambda)$ $\varphi^{-1}(\langle x_{\xi}|\xi<(\rangle)\in M\cap\lambda=x$
(Claim)
(1) . 33 { $M\in P_{\kappa}\mathcal{H}_{\theta}|M\cap\lambda\in S\wedge M$ $\mathrm{i}.\mathrm{a}$ }
$P_{\kappa}\mathcal{H}_{\theta}$ stationary . $H:\mathcal{H}_{\theta}<\omegaarrow \mathcal{H}_{\theta}$
. internally approachable $M\in \mathcal{P}_{\kappa}\mathcal{H}_{\theta}$ , $H$ $M\cap\lambda\in S$
( $M\cap\lambda\in S$ $M\cap\kappa\in\kappa$ ).
$S$ stationary , $\kappa,$ $\lambda\in N\prec\langle \mathcal{H}_{\theta}, \in, \Delta, H\rangle$ $N\cap\lambda\in S$
. $(x_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda))$ $N\cap\lambda$ $\varphi$ internally approachable
witness . $\zeta<\mathrm{c}\mathrm{f}(\lambda)$ $\langle x_{\xi}|\xi<\zeta\rangle\in N$
.
$\xi<\mathrm{c}\mathrm{f}(\lambda)$ induction , $N_{\xi}\in P_{\kappa}\mathcal{H}_{\theta}$
$x_{\xi} \cup\bigcup_{\eta<\xi}N_{\eta}\cup\{\langle N_{\eta}|\eta<\xi\rangle\}$
$H$ , $M:= \bigcup_{\xi<\mathrm{c}\mathrm{f}(\lambda)}N_{\xi}$ . $M$ $H$
, $\langle N_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda)\rangle$ $M$ internally approachable
witness . $M\cap\lambda\in S$ .
$M\cap\lambda=N\cap\lambda(\in S)$ . $N \cap\lambda=\bigcup_{\xi<\mathrm{c}\mathrm{f}(\lambda)}x_{\xi}\subseteq M\cap\lambda$ . –
$\langle N_{\xi}|\xi<\mathrm{c}\mathrm{f}(\lambda)\rangle$ induction initial segment $N$
, $\xi<\mathrm{c}\mathrm{f}(\lambda)$ $N_{\xi}\in N$ . $|N_{\xi}|\in N\cap\kappa\in\kappa$
$\subseteq N$ . $M \cap\lambda=\bigcup_{\xi<\mathrm{c}\mathrm{f}(\lambda)}$ $\lambda\subseteq N\cap\lambda$ .
(1) .
(2) $V[G]$ , $\gamma<\lambda$ $\gamma^{<\kappa}\leq\lambda$
, (1) 12 (2) .
$V$
,
$E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa}\in I[\kappa]$ , $V[\mathrm{q}$ $E_{\mathrm{c}\mathrm{f}(\lambda)}^{\kappa}\in I[\kappa]$
, 51 $V[G|$ $T_{n\lambda}^{0\mathrm{s}}=7_{\kappa\lambda}$ .
V[ $\mathrm{S}\mathrm{R}(T_{\kappa\lambda}^{0})$ .
$\square$ ( 1. $4\rangle$
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